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Analysis of Stiffness in Extracellular Matrix Embedded
with Bio-Conjugated Magnetic Beads in a Magnetic Field

Yue Du, Sahan C. B. Herath, Qing-Guo Wang, Harry Asada, and Peter C. Y. Chen

Abstract—In this paper we present a new model for
determining the local stiffness of an extracellular matrix (ECM)
sample embedded with bio-conjugated magnetic beads under
the influence of an external magnetic field. In this model, the
viscoelastic deformation of such ECM samples is analyzed using
the finite element method. We report results from numerical
simulations using our model on two typical scenarios for
studying the pre-tension in the ECM caused by beads under a
magnetic field. The analytical results are in close agreement
with that obtained from COMSOL. We also applied our model
on an actual ECM sample embedded with bio-conjugated beads
and compared our analytical results with that obtained from
stretch tests done on that sample. These results are comparable
to that from the stretching tests.

Index Terms—Extracellular matrix, finite element analysis,
pre-tension, stiffness, viscoelasticity

Cell morphology and cytoskeletal structure are known to
be influenced by the stiffness of their surrounding
microenvironment (i.e., the extracellular matrix, or ECM)
[1]-[3]. Cell migration has also been demonstrated to be
significantly impacted by the ECM stiffness that determines
the level of resistance to traction forces generated by cells.
Various methods for modifying ECM stiffness have been
used to explore its effect on cell behavior. These methods
include changing the concentration [4],[5] or the pH value of
the collagen [6],[7], or varying the boundary condition (e.g.,
floating gel or mechanically constrained gel) [2] or the
polymerization condition of the ECM [8].

In an earlier paper we have proposed an approach for
manipulating the local stiffness of ECM by embedding
magnetic beads that are bio-conjugated with the ECM fibrils,
then applying an external magnetic field to alter the fibrils’
resistance to deformation [9]. In this approach, the local
stiffness of an ECM sample can be manipulated in real-time
by proper control of the external magnetic field. It has the
potential to provide convenience and flexibility in generating
stiffness gradients within a single ECM sample for studying
cell behavior under varying ECM stiffness conditions.
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In this paper, we present a finite-element model for
determining the local stiffness of an ECM sample embedded
with bio-conjugated beads under the influence of an external
magnetic field. Section Il discusses the modification of ECM
for manipulating the stiffness of ECM. Section Il1 describes
our finite-element method for analyzing viscoelastic
deformation of ECM gel embedded with bio-conjugated
beads, while Section IV discusses the calculation of magnetic
force induced on the beads in the magnetic field generated by
a permanent magnet. In Section V we apply this
finite-element model to simulate the pre-tension generated in
ECM by (i) a single bead, and (ii) two columns of aligned
beads, and compare the results to that obtained using
COMSOL. We also apply our finite-element model to an
ECM sample with randomly distributed beads, and compare
the analytical results (in terms of the percentage change in
ECM stiffness) with experimental results obtained from a
stretch test done on an actual ECM sample. Simulations are
also conducted to reveal the influence of the size and
concentration of beads on the change in ECM stiffness. We
discuss possible improvements for this proposed model in
Section VI.

Magnetic beads of radius about 1 pm are embedded in
collagen solution prior to the gelation of collagen. The
streptavidin-coated beads are able to bind onto collagen
fibrils during the gelation. Fig. 1 is one example of the
confocal reflectance image of collagen fibrils and beads after
the gelation. The bright dots are streptavidin-coated magnetic
beads and the bright lines are Rat Tail Type I collagen fibrils.
Beads in very small size (the radius in about 1 pm) with a
mediate concentration of less than 0.5mg/ml are chosen such
that they will not have a significant impact on the physical
properties of the ECM. When exposed to a magnetic field, the
beads generate in the ECM a pre-tension (i.e., pre-tensile
stress), which interacts directly with external forces exerted
on the ECM, thus altering its characteristics of deformation.

MODIFICATION OF EXTRACELLULAR MATRIX

Collagen
fibrils

v

Fig. 1. Confocal reflectance image of collagen fibrils and beads.
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Il. FINITE ELEMENT ANALYSIS OF VISCOELASTIC
DEFORMATION OF ECM EMBEDDED WITH B10-CONJUGATED
BEADS AND UNDER AN EXTERNAL MAGNETIC FIELD

The modified ECM has a large amount of beads. This leads
to a difficulty in constructing ECM model using the existing
FEM tools as the beads are added in the ECM model one by
one. Our model predicts viscoelastic deformation of the ECM
under dispersed point loads imposed by the individual beads.
The model extends the finite element method for elastic
materials discussed in [10],[11]. The 8-node isoparametric
solid finite element is used when meshing the ECM. The
distribution of beads is assumed to be uniform inside the
ECM. Thus the locations of the beads and the index of the
elements containing the beads are known. We make another
assumption that at most one bead is contained in an element,
as the size of element is extremely small (about 0.002 mm
>0.01mm >0.01 mm).

The viscoelasticity of the ECM is represented by The
Standard Linear Solid Model (SLSM) shown in Fig. 2. It
consists of two branches in parallel: one having a spring and a
dashpot in series and the other having only a spring.
Compared to Maxwell and Kelvin-Voigt model, the
deformation of viscoelastic materials reflected by the SLSM
is more consistent with the actual situation. An instantaneous
elastic deformation is observed when a viscoelastic material
experiences an instantaneous stress. The existence of E; in
the SLSM plays a role in generating such an instantaneous
deformation. However, the full stress-strain relationship
described by the SLSM is very complex. It is simplified in
our case by limiting on constant stress. The source of the
external force imposed on the ECM (which is already in
pre-tension induced by the action of the external magnetic
field on the beads) is usually considered to come from cells
seeded on or inside it. Cell’s traction force is assumed to be
constant once the amount of cells and the mechanical
properties of ECM are fixed [12]-[14].

Ey

n E,

Fig.2. The standard linear solid model.

The stress-strain relationship under a constant stress can be
expressed as

E1+Ep .
Ee
Ep

M

where 0., and e, are the stress and the strain for each

element, respectively, E; is the stable elastic modulus after
relaxation, E, is the instantaneous elastic deformation when a

Oc,, = E1€8.+7

constant stress is applied, and 7 is the viscosity of the dashpot.

Instead of combining three-dimensional deformation in
one vector and calculating them simultaneously, we calculate
the deformation in each dimension separately. Both methods
generate the same result because they use the fixed
relationship (i.e., the Poisson’s ratio) to relate the
deformation in one dimension to that in the other two. The

following equations concern the deformation in one direction.

The conversion of it to deformation in other two directions is
demonstrated in the procedure to calculate three-dimensional
deformations discussed later on in this section.
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The strain can be obtained from the deformation by
&, = du,/0x. This equation is usually written as

ge = Beue

@)

where B, is called as the shape function. Combining the
relationship between stress and strain and the relationship
between force and stress, we can obtain the force
corresponding to the deformation for each element as

Fop = AcErBou, + A" B, ®3)
Celastic A BB,
s = A2 ; bop,
The element stiffness matrices K, and K, are

Celastic €viscous

then assembled to describe the whole ECM based on the
shape function, with A.being the cross-sectional area of each
element.

To formulate solid and structural mechanics problem, two
groups of methods are commonly used, namely differential
equation formulation methods and variation formulation
methods. In this paper, force method belonging to the first
group is applied. This method calculates the stress by using
the equilibrium equations and the reduced compatibility
equations obtained from substituting the relationship between
the stress and the strain into the compatibility equations. The
balance between the internal and external forces is
considered, i.e.,

Fint = Fext (4)

F,,. may include cell traction force, boundary forces and
point loads exerted by magnetic field through beads. Then,
the assembled external force at time step t is equal to
(u'—uh)

—ut=

Fiy =
ext At

t—1
Kelastic u -

()

where ut is the global displacement of the nodes. Following
the approach described in [15], the displacements of the
nodes at the boundaries (usually equal to zeros) are assigned
to them by small modifications of the stiffness matrices and
the load matrices. Based on Equation (5), the displacement of
each node at time step t is determined recursively from its
displacement at time step (t — 1), i.e.,

t
(Kelastic u

K viscous

At
k-1

viscous

t —

ut = -1 + Kuiscous ut—l _ Fetxt

At

) ®

The deformation in the v and w directions are derived from
that in the u direction at time step t according to Poisson’s
effect.

Procedure to calculate three-dimensional deformation:

Initialization

a) Meshing ECM

b) Calculating the stiffness matrices K, . and

eviscons  TOT €2Ch element and assembling them
Calculating magnetic force exerted on beads (point
loads on ECM) using the method discussed in
Section IV
d) Searching on elements containing beads and
allocating point load to them
e) Assigning the initial displacement of nodes
2) Foreachtime step t

1)

c)
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a)

b)
c)

Disassembling the external force into F,_ in terms
of elements
Combining different types of load matrices
Calculating Keastic Ut and Kyigeous Ut /At,
where At is the time interval and u*~? is the nodes
displacement vector at the last time step
d) Calculating u* based on Equation (6)

e) Calculating v* and w* according to the relationship

with u® in terms of Poisson’s ratio

End for

IV. CALCULATION OF MAGNETIC FORCE

We adopt the method developed in [16] and [17] to
calculate the force experienced by a bead exposed to a
magnetic field. The magnetic poles of the permanent magnet
are considered as a current loop when calculating the
magnetic field using the Biot-Savart law. The magnetic field
is subsequently applied in Equation (7) shown below to
calculate the magnetic force.

1 — 7 =(B
. v (7 B) m(B) saturates -
= -2
VXmass V|B|” otherwise
2uo

Fig. 3 plots the magnetic force experienced by a bead over
a range of distance between the bead and the magnet. Each
bead (BM551 from Bangs Laboratory, Inc.) has a radius of
about 1 pm with a saturation magnetization of about 70
emu/g. The cubic permanent magnet with a dimension of
12mmx 12mm X 4mm and a remnant magnetic field equal
to 1.5 T is used. It can be seen from Fig. 3 that the magnetic
force induced on the bead decreases with an increase in the
distance from magnet, and the magnitude of this force
increases with the bead radius. A force of about 0.45nN can
be reached for a bead with a radius of 1.5 pm located within 1
mm from the magnet.
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=-R=1um

-+*R=0.75um

="R=0.5pm

a4

w
1)}

Magnetic force (N)
o = N
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Fig. 3. The magnetic force over distance on beads of different sizes.

V. NUMERICAL SIMULATION AND VALIDATION OF RESULTS

A. Calculation of Pre-Tension in Ecm Caused by Beads
Using The Proposed Model and Comsol

The pre-tension caused by the beads exposed to a magnetic
field is simulated using both the derived finite-element model
and COMSOL. Construction of an ECM model using
COMSOL is restrictive due to the limit on the number of
beads that can be included in the model. For this reason, we
designed two small-scale (in terms of the number of beads
involved) scenarios. The first concerns an ECM with only
one embedded bead, while the second scenario has the
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arrangement of two columns of beads in the ECM under
opposite magnetic forces, as is illustrated in Fig. 4a) and Fig.
4b).

The viscoelastic parameters used are E; = 1719 Pa, E, =
500 Pa, n = 137 Pa -min. For the case of a single bead, the
bead is set at 0.003 m away from one edge of the ECM. The
opposite edge is fixed. The force exerted by the bead due to
an external magnetic field is set at 1.2x 10=7 N. In this
scenario, the pre-tension in the area near the bead in the
direction of the bead-exerted force is analyzed, as illustrated
in Fig. 4a).

For the beads-in-two-column scenario, each column is set
at a distance of 0.003 m away from an edge of an ECM strip
with the magnetic forces acting in opposite directions as
illustrated in Fig. 4b). The effect of the pre-tension due to a
single bead is sensitive to the mesh fineness around the bead.
For comparison with COMSOL, in the calculation using our
model the size of a mesh element is similar to that used in the
COMSOL simulation. This issue is not significant for the
beads-in-two-column scenario, in which the pre-tension of
the ECM in the direction perpendicular to the direction of the
bead-exerted force is analyzed.

atuce i m-.r‘;’w

3
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Deformation (m)
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Fig. 4. Pre-tension created in ECM by point load.
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Fig. 4a) and Fig. 4b) show the results obtained from
COMSOL for the stress tensor and the deformation at t = 26s
for the two scenarios. Fig. 4c) and Fig. 4d) show the exact
pre-tension generated in the ECM. The red and solid curve
shows the results from our model and the blue and dashed
curve shows the results from COMSOL. Fig. 4c) shows the
pre-tension in the area near the bead in the direction of the
bead-exerted force.

It can be seen that results from our finite-element model
are comparable to that obtained from COMSOL. The
maximal pre-tension at t = 26s calculated from our model is
—1.4 x 10~ m, while that from COMSOL is —1.2 x 10~°m.
A sharp pre-tension is generated in a very small area near the
bead, and decays away from it. Fig. 4d) shows the pre-tension
of the ECM in the direction perpendicular to the direction of
the bead-exerted force. The deformation calculated from our
model is between 2.9 x 107 m and 3 x 10~’m, while that
from COMSOL is between 2.8 x 10~’mand 2.9 x 10~7.

B. Change in Stiffness of Actual Ecm Sample with
Bio-Conjugated Magnetic Beads Under Magnetic Field

In this section we discuss the application of our model to
predict the change in the measured stiffness of an ECM
sample due to pre-tension generated by the bead-exerted
force, and compare our analytical prediction with the actual
results obtained from a stretch-test experiment conducted
using an actual ECM sample, as reported in [9].

The setup of stretch-test experiment is shown in Fig. 5. The
stretch test involved an ECM strip embedded with beads
bio-conjugation with the collagen fibers. The strip was placed
between two permanent magnets, with the bottom of the strip
fixed and part of the strip in the middle directly exposed
width-wise to the magnetic field. When the top of the strip is
pulled, the beads in the mid-section of the strip exposed to the
magnetic field experience a force which can be resolved into
a horizontal component pointing to the magnets and a vertical
component pointing downward. The downward force on a
bead provides resistance to the deformation of the strip.

Micro-force
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ECM with -~ |

beads | \ |
~

b E
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direction
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-
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Fig. 5. The setup of the stretching test experiment.

Since in this case the beads are distributed randomly in the
ECM strip, it is not practical to locate the exact position of
each bead so that COMSOL can be used to study the resulting
ECM stiffness (even if the number of beads under
consideration is small). Our analytical model, however, can
still be readily applied. The same parameter values used in
the experiment (as summarized in Table 1) are also used in
this simulation. Using the value for the viscoelasticity of pure
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ECM gel experimentally determined in [9], we obtain
E; = 1719 Paand n = 137 Pa - min from our model.

TABLE I: PARAMETERS USED IN THE STRETCHING TEST EXPERIMENT

Parameter Value Units
The dimension of ECM 33x12>4 mm
Magnetic flux field 15 T
Volume of beads sample 0.315 mi
Deformation rate of ECM 10 mm/min
Diameter of magnet 12 mm
Thickness of magnet 4 mm
Magnetization 70 emu/g

Fig. 6 shows the effect of beads concentration on the
pre-tension generated by beads in the ECM and thus the
stretching force that is required to deform the ECM at the set
rate. Fig. 6a) plots the pre-tension (that acts against the
stretching force) generated by beads of 1 pm radius at a
concentration of 0.02mg/ml, 0.1mg/ml and 0.5mg/ml in the
ECM sample in the presence of magnetic field within 16s. It
can be seen that the pre-tension increases exponentially and
finally approaches a stable value because of the
viscoelasticity of the ECM gel. Moreover, the rate of increase
in pre-tension is the highest for the ECM sample with a bead
concentration of 0.5mg/ml.

Fig. 6b) shows the tensile forces needed to deform the
ECM gel at a constant rate of 10 mm/min in the absence and
the presence of the magnetic field for different bead
concentrations. It can be seen that the greater force is needed
to deform the ECM in the presence of the magnetic field.
Moreover, in the presence of magnetic field the increase in
bead concentration results in a greater force required to
deform the ECM. The reason is that the increase in bead
concentration causes the increase in pre-tension that acts
against the stretching force. There is an offset of 0.002N for
all the force curves corresponding to the portion of force that
is needed to deform the viscous part of the ECM gel at a
constant rate.
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Fig. 6. The effect of beads concentration on the pre-tension in ECM
generated by beads and the stretching force.
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Fig. 7 shows the effect of bead size on the formation of
pre-tension in the ECM and on the stretching force to deform
the ECM at the set rate. Fig. 7a) shows the pre-tension
formed by beads of 0.75, 1 and 1.5 pm radius with the same
concentration of 0.1mg/ml in a magnetic field for a period of
16s. It can be seen that greater pre-tension was generated by
beads of larger size. The reason is that a large magnetic force
can be induced on large bead compared to that on small ones.
It can also be found that there is a significant increase in the
pre-tension for beads of 1.5 pum radius compared to that of 1
I radius. Fig. 7b) shows the tensile forces needed to deform
the ECM gel at a constant rate in the absence/presence of the
magnetic field and in different beads size. It can be seen that a
greater tensile force is needed to deform the ECM with beads
in larger size. This is consistent with the trend of pre-tension
for different sizes of beads.
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Fig. 7. The effect of beads size on the pre-tension in ECM generated by

beads and the stretching force.

The apparent stiffness of the ECM can be calculated on the
basis of the deforming force and the resulted deformation
shown in Fig. 6b) for beads in different concentration and in
Fig. 7b) for beads with different sizes. This is done by
linearizing the curves and then measuring the slope of the
linearized force-verse-deformation line. The stiffness was
estimated at t = 16s (shown in Fig. 8), at which point the
pre-tension was at the stable value. The results of slope for
two groups are shown. Group 1 consists of the values
generated from Fig. 6b while Group 2 from Fig. 7b).

It can be seen from Group 1 that the stiffness is increased
by increasing beads concentration, while Group2 shows that
large beads lead to a stiffer ECM due to the creation of
greater pre-tension compared. Moreover, the change in the
ECM apparent stiffness is more sensitive to the variation in
bead size than to the variation in bead concentration.

Fig. 9 shows the percentage change in stiffness calculated
using our model and that determined experimentally as
reported in [9] for two types of samples with bead
concentrations of 0.5mg/ml and 0.1mg/ml. It can be seen that
our analytical prediction of the change in ECM stiffness is in
close agreement with the experimental results, especially for
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the case where the sample contained a higher concentration
of beads.

R radivs of bead (pm) F-=_1-5
C: concentration of bead
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Fig. 8. Apparent stiffness of ECM with beads.
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Fig. 9. Comparison of increase in stiffness.

VI. DiscussION AND CONCLUSION

The viscoelastic deformation of ECM samples embedded
with bio-conjugated magnetic beads in the presence and
absence of an external magnetic field has been analyzed by a
new model constructed based on the finite-element method.
The role of each single bead is considered as exerting a point
load on the ECM. The point load is equal to the magnetic
force induced on the bead by the external magnetic field, and
increases with the size of the bead. Based on information
about viscoelastic deformation and external force, the
stiffness of the ECM can be computed for the cases when the
magnetic field is absent and present. We conducted
numerical simulation using our model on two typical
scenarios for calculating the pre-tension caused by beads and
compared our simulation results with that obtained from
COMSOL. The results from our model are in close
agreement with that obtained from COMSOL. For bead of 1
pm radius and a force with a magnitude of about 0.1 pN, the
maximum deformation of the ECM is about several microns
and occurs near the bead (Young’s module of ECM is
about 1719 Pa and viscosity is about 137 Pa -min).

We also applied our model on an actual ECM sample
embedded with bio-conjugated magnetic beads. Simulation
has been conducted to reveal the effect of bead concentration
and size variation on the ECM stiffness. Specifically, the
studies have been conducted on investigating the change in
the formation of pre-tension in the ECM and the stretching
force required to deform ECM at a prescribed constant rate.
The pre-tension created by the beads in the ECM plays a
significant role in resisting the applied stretching force. The
results show that higher level of pre-tension and its rate of
increase are associated with higher concentration of beads.
Therefore, a greater force is needed to deform an ECM with
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higher bead concentration.

The work report in this paper contributes to the
mathematical analysis of the change in ECM stiffness due to
the creation of pre-tension in the ECM using micro-size
magnetic beads under the influence of an external magnetic
field. These results provide a analytical basis for developing
sophisticated techniques for the control of the stiffness of
ECM gel. Compared to other methods of manipulating ECM
stiffness by changing the chemical composition of collagen
gel, the method described in this paper is more versatile
because it enables the control of the desired local stiffness at a
particular region (with the presence and absence of magnetic
beads) of an ECM sample and at a specific time (by switching
on or off the external magnetic field). Such control will be
useful in studying cell behavior in a microenvironment with
varying stiffness.

The analysis presented in this paper has not addressed the
issue of how the mere existence of the beads in the ECM may
influence the stiffness of the ECM in the absence of the
magnetic field. This issue concerns the physical properties of
the beads and the ECM, and the bio-conjugating reaction
between the beads and ECM. Taking this issue into account
in the analysis will enable the resulting model to predict more
accurately how the ECM will deform in the presence of an
external magnetic field. Another issue that needs to be
explored is the inclusion of cell traction forces in the model of
ECM deformation, since such forces may interfere with the
magnetic forces that are supposed to create the desired
pre-tension in the ECM. The precision control of ECM
stiffness by controlling the pre-tension providing certain
level of resisting to external force is another interesting
problem to be dealt with in subsequent research.
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